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Abstract
Nonequilibrium phase transitions are characterized by the so-called critical exponents, each of which is related to a
different observable. Systems that share the same set of values for these exponents also share the same universality
class. Thus, it is important that the exponents are named and treated in a standardized framework. In this comment,
we reinterpret the exponents obtained in [Phys Lett A 379:1246-12 (2015)] for the logistic and cubic maps in order
to correctly state the universality class of their bifurcations, since these maps may describe the mean-field solution of
stochastic spreading processes.
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Teixeira et al. [1] studied the generalized logistic map,
xt+1 = Rxt(1− x
a
t ) , (1)
where R and a = 1 (the usual logistic map [2]) or a = 2
(the cubic map) are control parameters, and t is a dis-
cretized time step. The variable xt ∈ [0; 1] usually rep-
resents a generic population density that may linearly in-
crease or nonlinearly decrease over time, depending on the
values of R and a [2]. The asymptotic stationary solution
of equation (1) (also known as fixed point – FP) is found
by imposing xt+1 = xt = x
∗ [2]. The FP’s of the gener-
alized logistic map, other than the trivial solution x∗ = 0
for R < Rc ≡ 1, are:
x∗ =
R− 1
R
(for a = 1;R > Rc) (2)
x∗ = ±
√
R− 1
R
(for a = 2;R > Rc) (3)
The authors did a very nice job characterizing the scal-
ing laws governing the convergence time to the FP of the
maps given in equation (1). They calculated what they
called critical exponents for the transcritical (a = 1) and
pitchfork (a = 2) bifurcations. The calculations done in [1]
are completely sound and well supported by mathematical
and numerical evidence collected by the authors. However,
the term critical exponents has a special meaning in the
Nonequilibrium Phase Transitions literature because they
are used to define universality classes [3, 4]. These classes
are usually dependent on the collective behavior of sys-
tems, its symmetries, its dimensionality, and so on [3], and
are fundamental for a coherent theory of phase transitions
in nonequilibrium systems. There has been an effort in the
Phase Transitions community to standardize the nomen-
clature and definition of critical exponents, assigning each
individual exponent to a unique Greek letter. Conversely,
each exponent is uniquely linked to an observable of the
system.
Recently, it was shown that the logistic map describes
the population density of the mean-field phase transition
between the inactive (x∗ = 0) and active (x∗ > 0) states
of a spreading process (see equation (19) in [5] and equa-
tion (4) in [6]), and that the critical point at R = Rc = 1
pertains to the mean-field directed percolation (DP) uni-
versality class [5, 6]. This development puts the logis-
tic map in the context of the well-known absorbing state
phase transitions, and is not consistent with the definition
of the exponents α, β, z and δ done by Teixeira et al.
[1]. Therefore, we revisit the definition of the critical ex-
ponents of Teixeira et al. [1] to match the long standing
standard nomenclature in the literature. From now on, we
will use α1, β1, z1 and δ1 for the critical exponents defined
in [1] in order to correctly distinguish them from the usual
nonequilibrium exponents, α (the exponent of the order
parameter vs. time), β (the exponent of the order pa-
rameter vs. a temperature-like parameter), δ (the survival
probability exponent), and z (the dynamical exponent) [4].
The exponent β1 [equation (3) in [1]] is, in fact, the
standard exponent α describing the decay of the average
activity towards the stationary state x∗ = 0 on the bifur-
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cation point R = Rc [4, Table 4.1]:
xt ∼ t
−α . (4)
Thus, the values given by Teixeira et al. [1] for β1 are the
values of α, i.e. α = 1 for the logistic map (a = 1) and
α = 1/2 for the cubic map (a = 2) [1].
The standard exponent β comes from the stationary
state of the order parameter (given by the population den-
sity, x∗) evaluated very close to the critical (i.e., the bi-
furcation) point, Rc = 1 [4, Table 4.1]:
x∗ ∼ (R −Rc)
β . (5)
None of the exponents calculated by Teixeira et al. [1]
corresponds to the β given in equation (5). We can expand
to first order the FP equations (2) and (3) for R & 1 to
obtain x∗ ∼ (R− 1)β , with β = 1 for the logistic map and
β = 1/2 for the cubic map. The apparent match between
the values of β1 and β comes from the fact the the logistic
equation describes the population density at a mean-field
level [5, 6]. For other dimensionalities, the values of β1
(i.e., the standard α) and β do not coincide [4, Table 4.3].
Teixeira et al. [1] defined the exponent δ1 [equation (10)
in their paper] as the decay exponent of the autocorrelation
length, ξ‖, of xt as a function of the bifurcation parameter
(R − Rc). This is the precise definition of the standard
exponent ν‖, via the scaling law [4, Table 4.1]:
ξ‖ ∼ |R−Rc|
−ν‖ , (6)
such that δ1 = −ν‖. Thus, the values estimated numeri-
cally and analytically by the authors, δ1 = −1, for both
the logistic and the cubic map yield ν‖ = 1.
We can assume that the crossover time calculated by
the authors, nx [equation (4) in [1] defining the z1 expo-
nent], corresponds to ξ‖, which decays algebraically with
t when R = Rc = 1 as [4, p.107]
ξ‖ ∼ t
−β/ν‖ . (7)
This assumption also requires that the time, T , spent by
the logistic map lurking on the initial condition, x0, before
decaying is T ∝ x0 – in fact, this lead Teixeira et al. [1]
to define their equation (4). Thus, from Eq. (7), z1 may
be expressed in terms of the standard exponents, z1 =
−ν‖/β. The authors fitted the values z1 = −1.0002(3)
and z1 = −2.001(2) for the logistic and the cubic map,
respectively. These values agree with the ratio between
the standard exponents β [from Eq. (5)] and ν‖ (i.e., the
author’s −δ1), yielding z1 = −1/1 = −1 for the logistic
map, and z1 = −1/(1/2) = −2 for the cubic map.
The exponent α1 defined by Teixeira et al. [1] has no
counterpart in the standard literature of nonequilibrium
phase transitions [3, 4]. However, notice that the defini-
tion, xt ∝ x
α1
0 [equation (2) in [1]], determines the expan-
sion rate over time of the initial condition, x0. It is known
that the Lyapunov exponent for both the transcritical and
the pitchfork bifurcations is zero [7]. Equation (21) in [1]
can be transformed into the definition of the Lyapunov
exponent, λL,
|∆xt| = |∆x0| exp (λLt) , (8)
where Eq. (8) describes how a variation in the initial con-
dition, |∆x0|, evolves with time. Thus, from equation (21)
in [1] and our Eq. (8), λL = R−1 = 0 forR = 1 (i.e., on the
bifurcation point). A null Lyapunov exponent means that
the initial condition does not expand nor shrink, causing
the observed value α1 = 1.
The set of exponents β = 1, α = 1 and ν‖ = 1, together
with γ = 1 and δh = 2 from [5, 6], puts the transcritical
bifurcation of the FP of the logistic map into the mean-
field DP universality class. For the cubic map, the set of
values β = 1/2, α = 1/2 and ν‖ = 1, together with its
cubic nonlinearity [compare it with equation (5.14) in [4]
for g → 0], puts its pitchfork bifurcation in the mean-field
tricritical directed percolation (TDP) universality class [4,
Table 5.2].
Bifurcations and nonequilibrium phase transitions share
similar relations, and the context in which the model is
studied evokes either one or the other as the background
theory to explain the observed changes of macroscopic be-
havior occurring in the system. Nevertheless, a unifica-
tion of both approaches could only benefit both fields. To
that extent, a standard shared nomenclature is essential to
correctly define the critical exponents and bring together
the two frameworks. The calculations done by Teixeira
et al. [1] are correct. However, we reinterpreted their ex-
ponents in the light of absorbing phase transitions and
explained the apparent nonuniversal behavior of the β1
exponent (i.e., the standard α) observed by the authors
as a changes from 1 (the logistic map) to 2 (the cubic
map). The apparent nonuniversality happened because
the logistic and cubic maps pertain to different mean-field
universality classes: the DP and the TDP, respectively.
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